Introduction
Since the squirrel-cage induction motor became the most common industrial load, manufacturers have accumulated large amounts of data on torque-and current-slip curves.
Generally, measured curves can be approximated by the classical single-and double-cage induction machine models. These classical models assume that stator and rotor windings are sinusoidally distributed. As a consequence, the air-gap mmf of a winding is a perfectly sinusoidal waveform, i.e., the air-gap mmf of a winding 
where α is the winding magnetic axis of symmetry, and amplitude F 1 depends on the winding arrangement 
where μ 0 is the permeability of free space.
However, a considerable number of motors have torque irregularities (also called parasitic torques) near zero speed in the torque-slip curve [1] [2] . Table 1 contains manufacturer data of the nine motors considered in this paper. The parasitic torques are illustrated in the small size motor curves of Fig. 1 (laboratory measurements of motors #1, #2 and #3 made by the authors) and in the medium size motor curves of Fig. 2 (manufacturer measurements of motors #4, #5 and #6). More evidence of torque irregularities can be found using software tools provided by some manufacturers [3] [4]. These tools plot or provide data about torque-and current-slip curves of their motors, where torque irregularities can be easily detected for some motors. For instance, Fig. 3 shows the curves of motor #7 (obtained from [3] ), where parasitic torques are evident. Another example can be found for Motor #3 -4kW Motor #2 -4 kW Motor #1 -1.5kW
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Fig. 1 Measured torque-and current-slip data (circles) for the three tested small size motors. Curves estimated with the classical singleand double-cage models (broken and solid lines, respectively) are also drawn. Note that the measured range has been extended to the braking regime (shaded area).
the large size motors #8 and #9 (obtained from [4] ), where the minimum torque is lower than the starting torque (T MIN / T ST is 0.78 and 0.86, respectively, Table 1 ). This is indicative of a torque-slip curve similar to that of the motors in Fig. 1, Fig. 2 and Fig. 3 . Fig. 1 and Fig. 2 also show that the classical double-cage model parameters (solid lines) estimated from the measurements clearly fail to predict the data measured for five of the six motors, and that the classical single- Fig. 3 Torque-and current-slip curves provided by the manufacturer software for motor #7 [3] .
Motor #7 -88 kW cage model parameters (broken lines) provide an even worse prediction for the six motors.
The notable differences between theoretical and experimental torque/speed curves have been pointed out in the classical literature [1] [5]- [8] , and are generally associated with space harmonics. A thorough analysis of this outdated topic reveals that torque irregularities are present in practice because the air-gap flux density contains harmonics produced by [1] : (1) amount of mmf in a finite number of slots (winding harmonics), (2) non-uniform air-gap due to stator and rotor slot openings (slot harmonics), and (3) machine saturation. Then, the air-gap mmf and flux density can be expressed as [9] - [11] 
where k is the harmonic order (including the fundamental) and amplitude F k depends on the winding arrangement (number of turns N and winding factor for harmonic k, ξ k ). The positive sign in F k is for the harmonics of order k = 2n + 1 (n = 0, 1, 2...), i.e., k = 1, 5, 11..., whereas the negative sign is for the harmonics of order k = 2n + 3, i.e., k = 3, 7, 9... The air-gap length is no longer a constant but depends on the position angle x and the rotor mechanical angle θ m (p is the number of pole pairs). Only odd harmonics are considered in (3) because the winding arrangement is assumed to be symmetrical about its magnetic axis .
The flux density harmonics in (3) are translated into torque irregularities (i.e., torque dips and cusps at large slips, also called parasitic torques), which may be of considerable amplitude [1] . It was observed that, for some stator and rotor slot combinations, parasitic torques could seriously impair (or even impede) motor start up. This is known as crawling. Indeed, pronounced irregularities at large slips and in the braking regime (also known as hooks) were reported experimentally [5] - [8] . Some authors tried to explain this behaviour analytically and make rules to prevent its occurrence [1] [8] .
A priori, the quality of the air-gap field should depend on the motor size and design. However, there are no significant differences between the torque curve shapes of the low and medium size motors of Fig. 1 , Fig. 2 and Fig. 3 and those that can be guessed for the large size motors #8 and #9 in Table 1 . Although the parasitic torques resulting from (3) can be of asynchronous or synchronous nature [12] , no parasitic synchronous torques were detected in the tested motors presented here (also, such torques were not specifically searched for). As a consequence, the paper only focuses on the parasitic asynchronous torques of the tested motors.
The available models to study squirrel-cage motors in the presence of space harmonic effects can be categorized into three groups:
 Accurate electromagnetic models, e.g., finite-element method models. These models are usually chosen in the stage design and require the use of manufacturer confidential data.
 Models which include not only the number of stator turns and rotor bars in slots (winding harmonics), but also air-gap permeance variation (slot harmonics) [1] [8]- [15] . The complexity of such models is outside the scope of this paper.
 Simplistic steady-state equivalent circuits, i.e., the chain models in Fig. 5c -d. These models are numerically efficient and provide accurate steady-state torque-and current-slip curves.
This paper focuses on the third type of models. An accurate prediction of their torque and current is required in the next practical cases:
− Calculation of motor starting time, mainly when constant power loads are driven (loads with high starting torque requirement).
− Prediction of stator current consumption and rotor speed stability in case of a large speed drop due to a voltage sag [16] .
− Use of aggregated motor models for power system studies. In this paper, the steady-state torque and current of motors #1, #2 and #3 operating in the braking and motoring regimes are measured, and a set of parameters for the steady-state equivalent circuit (which must be valid for both regimes) is searched for. Two sets of estimated parameters failed in the torque-slip curve prediction. In the first, the classical single-and double-cage models were used whereas in the second, the singlecage chain model, which considers the space harmonics but neglects the skin effect, was employed. Finally, the classical single-cage chain model (which includes both space harmonics and skin effect, and was proposed in the early 60's [5] - [7] [17]) successfully predicts the measured data. 
Laboratory measurements
The squirrel-cage motors #1, #2 and #3 were tested by the authors in the laboratory whereas motors #4, #5 and #6 were tested by the manufacturer. The tests measured the torque and the stator current at different steady-state operating points (at different speeds). To collect more information, the measured range also included the braking regime (i.e., torque and current were measured from s = 2 to s = 0) for motors #1 to #3.
Motors #1, #2 and #3 were tested at a reduced voltage of 0.82·U N = 328 V due to source limitations while motors #4, #5 and #6 were tested at 0.57·U N = 230 V. The torque and current measured at a reduced voltage are prorated to the rated voltage to make them comparable:
The experimental measurements are represented by circles in Fig. 1 and Fig. 2 . Strong torque irregularities which may be the cause of disagreement between theoretical and experimental curves, especially if the classical single-cage model is used in the braking regime of Fig. 1 , can be observed. The effect varies for the different motors; that is, while in motor #1 torque irregularities are practically inexistent, the remaining five motors exhibit a torque dip at large slips (in the motoring regime). Furthermore, motors #2 and #3 show a pronounced torque increase in the braking regime.
Despite these irregularities, the current-slip curves are very smooth in the six cases. The smooth torque curve of motor #1 makes it possible to fit the measurements by the classical models, as seen in Section 4. On the other hand, the torque curves of the remaining five motors probably require a more complete machine model.
Regarding the origin of the torque irregularities in these five motors, the space harmonics are a good candidate after examination of the almost pathological torque curves measured in [6] [8], where abrupt hooks were caused by the space harmonics due to specific stator and rotor slot combinations.
It is well known that the induction machine inductances saturate. For example, the rotor leakage inductance in machines with closed rotor slots is highly dependent on the current at large slips, whereas the main flux inductance saturates in machines with rotor skewing due to uncompensated mmf at stack end-parts [1] .
Therefore, machine saturation could be another reason for these irregularities but this possibility is ruled out in the next subsection.
Discarding machine saturation
To discard saturation as the origin of the irregularities in Fig. 1 , Fig. 2 and Fig. 3 , the following laboratory test was made on motor #3. The motor was fed at four voltage levels in the whole speed range in order to obtain the corresponding torque-speed curves. Each voltage level includes the saturation effect at all operating points, including large slip ones, where the current is several times greater than the nominal [18] . Although the curves are slightly different at the different saturation levels, they have a similar shape.
Therefore, saturation should not be considered the sole origin of the measured irregularities.
If a full model to simultaneously predict the four tested voltage levels in Fig. 4 were searched for, a model with non-linear reactances should be considered for successful curve fitting [18] . As only the tested voltage level must be fit in this paper (i.e., the tested voltage level in Fig. 1 and Fig. 2 ), a model with linear reactances is considered from this point in the paper. 
Measured stator current harmonics
Instantaneous stator currents measured in the tests of Fig. 1 were almost sinusoidal in all cases. It is worth noting that these measurements are in full agreement with the results in [15] , where detailed simulations show that, unlike their obvious influence on the torque, the impact of space harmonics on stator currents is almost negligible. The space harmonic models used in this paper (chain models in Fig. 5c-d) are based on the assumption that the stator currents are purely sinusoidal.
Models for predicting the measured behaviour
Once motor saturation is ruled out, an attempt was made to fit the measured machine behaviour with the three types of models in Sections 4, 5 and 6:
(1) the single-and double-cage models without space harmonic effects in Fig. 5a -b, which consider sinusoidal air-gap flux density distribution. These models are also called 'classical models' in this paper;
(2) the single-cage chain model in Fig. 5c , which considers space harmonics due to non-sinusoidally distributed windings and uniform air-gap but neglects the skin effect, and (3) the single-cage chain model in Fig. 5d , which takes into account both space harmonics and skin effect.
The chain models are based on the common assumption that the squirrel-cage rotor reacts to all harmonic fluxes in the same way as to the fundamental, thus leading to a parasitic torque-slip curve for each harmonic
4 Single-and double-cage models without space harmonic effects Fig. 5a -b shows the equivalent circuits for the single-and double-cage models without space harmonic effects, i.e., the classical models. Their torque is calculated with the following equations:
where
is the slip at the fundamental frequency and p is the number of pole pairs. 
Parameter estimation
As the stator resistance R s was measured off-line, only three functional relationships can be estimated between the remaining four unknown electrical parameters of the single-cage model in Fig. 5a [19] . As a solution, the restriction X sd = X rd is arbitrarily chosen in this study. The estimation procedure is based on the following data Restriction:
Data to fit: Tests in Figs. 1 and 2 .
Regarding the double-cage model in Fig. 5b , it has six unknown electrical parameters as R s has been measured. Since only five functional relationships between these parameters are independent [19] , the restriction X sd = X 2d is arbitrarily chosen in this paper. The estimation procedure is based on the following data and 
Restriction:
Least-squares algorithm for parameter estimation
In this paper, the model parameters are estimated with a MATLAB built-in function for least-squares fit [20] .
The errors between estimated and measured data are given in values relative to the measured values:
The error function to be optimized is a column vector [F] composed of the following scalar error functions, where the weight given to each point (w i ) can be modified if needed:
The least-squares algorithm minimizes the 2-norm residual error:
Residual error % 100 .
To avoid negative values of the estimated parameters, it is recommended to force all parameters to be always positive [19] . 
Estimation results analysis
The parameters estimated for the classical models of motors #1 to #6 are given in Table 2 . The predicted torque-and current-slip curves are calculated from these parameters and plotted in Fig. 1 and Fig. 2 (single-cage:
broken line; double-cage: solid line).
Analysis of both figures shows that the classical single-cage model cannot accurately predict the behaviour of any of the six motors.
The classical double-cage model can be considered adequate only for motor #1 given that, although the torque-slip curve is very smooth and provides better results, it also fails to predict the torque of the remaining five motors.
It is worth noting that the torque predictions in the motoring regime (from s = 1 to s = 0) for motors #2 and #3
can lead to the wrong conclusion that the classical single-cage models are more accurate in such a speed range. This is erroneous as the classical double-cage models in Fig. 1 provide better predictions in the whole speed range (i.e., from s = 2 to s = 0).
Although motors #7, #8 and #9 were not tested, the low values of the minimum torque compared to the starting torque (T MIN /T ST ) in Table 1 suggest that the classical single-and double-cage models would fail in the torque prediction.
5 Single-cage chain model without skin effect Fig. 5c illustrates the steady-state equivalent circuit for the three-phase induction machine with nonsinusoidally distributed windings and uniform air-gap. The model considers a single-cage for the rotor and neglects the skin effect. As can be seen, the circuit contains a rotor subcircuit for any considered space harmonic, resulting into a chain model. As the skin effect is neglected, the rotor resistance is identical for all subcircuits, and the leakage reactances X rd k are rigidly related to X m , X m k and X rd . Appendix 1 contains a detailed deduction of the model equations because no complete demonstration was found in the literature.
The authors tried to fit the model to the measurements of Fig. 1 . As the adjustment was unsuccessful in all cases, it can be concluded that the model is unable to predict the measured squirrel-cage torque irregularities in Fig. 1 . As a result, it seems apparent that the skin effect must be included in the space harmonic model. Fig. 5d shows the steady-state equivalent circuit for the three-phase induction machine which includes the space harmonics and the skin effect [1] [2] . This model maintains the rotor subcircuit topology in Fig. 5c .
Single-cage chain model with skin effect
However, the skin effect consideration results in variable rotor resistances and reactances X rd k for any considered space harmonic. The model is also valid for non-uniform air-gap (slot harmonics).
In this model, the total and harmonic torques are calculated as follows: 
where ± must be interpreted as follows:
 the positive sign is for the forward harmonics: the fundamental (k = 1) and the harmonics of order k = 7, 
Parameter estimation
The 5 Restriction:
Data to fit: Test in Fig. 1 .
Note that the arbitrary restriction X sd = X rd is again imposed on the parameters related to the fundamental flux.
Estimation results analysis
The parameters estimated for motors #1, #2 and #3 are given in Table 3 . It is worth noting that, while the estimation for motors #1 and #3 was very straightforward, in the case of motor #2 it was necessary to modify the weights given to the different points, w i .
The predicted curves are calculated from the parameters of Table 3 and plotted in Fig. 6 . This figure also contains the contribution of the harmonic torques, whose zero-crossing occurs at s = 1 -(± 1 / k) = 1 + 1 / 5, Single-cage chain model without skin effect   Fig. 5d Single-cage chain model with skin effect   Note that the harmonic torque curves are not symmetrical about the horizontal axis, just like in the classical models in Fig. 5a -b (the torque-slip curve for motor operation is not identical to that for generator operation).
This asymmetry is particularly apparent in the 7 th harmonic torques of the three motors because there is a significant torque increase in the braking regime whereas the impact at rated slip is low.
The fit obtained for motor #1 in Fig. 6 is slightly better than that obtained with the classical double-cage model in Fig. 1 . The fit for motors #2 and #3 is also excellent, as the estimated parameters accurately predict the pronounced torque irregularities.
The number of space harmonics is chosen a priori. Considering the results in Fig. 6 , the 5 th harmonic could be discarded a posteriori for motors #1 and #3, and the 11 th for motors #1 and #2 without significant loss of accuracy.
Models comparison and summary
The accuracy of the classical single-and double-cage models and the single-cage chain model with skin effect to predict the measured curves in the three motors is quantified in Table 4 . The average and maximum errors in torque and stator versus slip curves are shown in the table. These errors confirm the inappropriateness of the classical single-and double-cage models for torque prediction (average errors for all motors are 31% and 14%, respectively), whereas the single-cage chain model with skin effect provides by far the most accurate predictions (average error for all motors is 3%). Regarding the current predictions, the differences among the three models are less pronounced (average errors for all motors are 7%, 7% and 2%, respectively).
Finally, Table 5 summarizes with a check mark () or a cross mark () the ability or inability of each model to predict the torque curves. The classical single-and double-cage models and the single-cage chain model without skin effect are unable to simultaneously predict space harmonics and skin effect. On the contrary, the single-cage chain model which considers the skin effect provides accurate predictions.
The paper shows the measured torque-and current-slip curves of six squirrel-cage induction motors. Five units exhibit apparent torque irregularities caused by space harmonics. For completeness, the measured range was extended to the braking regime (s = 2 to s = 1) for three of the motors. The measured data are successfully fit by the following models: (1) the classical single-and double-cage models, (2) the single-cage chain model which considers space harmonics effects but neglects the skin effect, and (3) the single-cage chain model which takes into account both space harmonics and skin effects.
It is concluded that the smooth torque curves predicted by the classical models do not fit the measured curves when space harmonic effects are apparent. The single-cage chain model which neglects the skin effect also fails in the torque prediction despite considering space harmonics effects. On the contrary, the single-cage chain model which takes into account both space harmonics and skin effects exhibits excellent agreement with experimental data.
Appendix 1: single-cage chain model without skin effect
In this appendix, a simplistic dynamic model in space vector variables for an induction machine with nonsinusoidally distributed windings, uniform air-gap and without skin effect is derived. By imposing electrical and mechanical steady-state, and assuming that a sinusoidal current source supplies the stator, the chain equivalent circuit in Fig. 5c is obtained. This circuit can be considered as a particular case of the more general chain model in Fig. 5d , which considers the space harmonics due to the skin effect and non-uniform air-gap. Because of its low computational burden, the model derived in this appendix can be used as a simulation tool to provide useful, qualitative dynamic and steady-state results.
Model assumptions
The following assumptions about a three-phase induction machine are made:
 Ideal magnetic circuit (negligible saturation and infinite relative magnetic permeability).
 Uniform air-gap.
 Three identical stator and rotor windings having constant parameters (due to skin effect on the rotor windings) and symmetrical arrangement about their magnetic axes (located at α, α + 2π / 3 and α -2π / 3). 
where r is the average radius and b e is the stack length. The calculation of the self-inductance of winding a must also consider the leakage flux, i.e., the leakage flux inductance l a d must be added to (13) :
The inductance calculation in (13) 
Note that concentrated windings (square-wave mmfs) lead to the largest space harmonic content. In this case, the maximum value for m k is obtained as
Dynamic model equations in space vector variables
The abc phase model for the induction machine is given by
where l sd and l rd are the stator and rotor leakage inductances, and m k is given by (14) .
The abc variables are transformed into the 0FB variables by the complex rotating transformation [T] or forward-backward transformation (abbreviated as FB-transformation) [21] expressed in the stationary reference
where 0 is the zero-sequence component, and F and B are the forward and backward components, which are complex conjugate. Note that matrix [T] in (18) is the Fortescue matrix, which is used for the symmetrical component transformation. The forward component of (18) is also known in the literature as the space vector, the spatial vector, or the space phasor of the abc phase quantities.
The electrical equations of (15) are expressed in transformed variables as
where [T C ] is the complete transformation matrix
The electromagnetic torque expressed in transformed variables is calculated as
The stator and rotor zero-sequence equations in (19) are decoupled from the remaining equations.
Furthermore, the forward and backward equations of (19) The results are shown in Fig. 8 source is suitable, as the differences between both cases are not significant. As expected from the exaggeration of the harmonic amplitude, the results are rather extreme, especially the large oscillations in the instantaneous torque. Thus, the model seems unable to predict the measured squirrel-cage torque irregularities in Fig. 1 , Fig. 2 and Fig. 3 .
Two conclusions can be extracted from this analytical model: (1) the harmonic magnitudes must be exaggerated to make their effects on the torque-speed curve visible; (2) it cannot be used directly (without changes) for motors where space harmonic and skin effects are apparent because of the various simplifying assumptions.
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